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1. Introduction: the 15-puzzle 
 
The puzzle consists of a 4-by-4 grid together with 15 tiles numbered 
1, 2,. . ., 15, and a single vacant location on the grid. 
 

 
A legal move comprised of sliding a numbered tile into the vacant 
location. From the initial configuration above, for instance, there are 
two legal moves: sliding the 12 down or the 15 to the right. The object 
of the puzzle is to use a sequence of legal moves to interchange the 
position of the tiles labelled 14 and 15 while leaving all other tiles 
unchanged. 

The puzzle was "invented" by Noyes Palmer Chapman, a postmaster 
in Canastota, New York. Copies of the improved Fifteen Puzzle made 
their way to Syracuse, New York, by way of Noyes' son, Frank, and 
from there, via sundry connections, to Watch Hill, Rhode Island, and 
finally to  Hartford  (Connecticut), where students in the American 
School for the Deaf started manufacturing the puzzle and, by 
December 1879, selling them both locally and in Boston, 
Massachusetts. Shown one of these, Matthias Rice, who ran a fancy 
woodworking business in Boston, started manufacturing the puzzle  

Page-1 

https://en.wikipedia.org/wiki/Canastota,_New_York
https://en.wikipedia.org/wiki/Syracuse,_New_York
https://en.wikipedia.org/wiki/Watch_Hill,_Rhode_Island
https://en.wikipedia.org/wiki/Hartford
https://en.wikipedia.org/wiki/American_School_for_the_Deaf
https://en.wikipedia.org/wiki/American_School_for_the_Deaf
https://en.wikipedia.org/wiki/Boston


sometime in December 1879 and convinced a "Yankee Notions"                                                       
fancy goods dealer to sell them under the name of "Gem Puzzle". In 
late January 1880, Charles Pevey, a dentist in Worcester, 
Massachusetts, garnered some attention by offering a cash reward for 
a solution to the Fifteen Puzzle.  

The game became a craze in the U.S. in 1880.  
Noyes Chapman had applied for a patent on his "Block Solitaire 
Puzzle" on February 21, 1880. However, that patent was rejected, 
likely because it was not sufficiently different from the August 20, 
1878 "Puzzle-Blocks" patent (US 207124) granted to Ernest U. 
Kinsey. 

Sam Lloyd claimed from 1891 until his death in 1911 that he had 
invented the puzzle, for example writing in the Cyclopedia of 

Puzzles (published 1914): "The older inhabitants of Puzzleland will 
remember how in the early seventies I drove the entire world crazy 
over a little box of movable pieces which became known as the '14-15 
Puzzle'. However, Lloyd had nothing to do with the invention or 
initial popularity of the puzzle, and in any case, the craze was in 1880, 
not the early 1870s. Lloyd’s first article about the puzzle was 
published in 1886, and it was not until 1891 that he first claimed to be 
the inventor. 

Some later interest was fuelled by Lloyd’s offer of a $1,000 prize to 
anyone who could provide a solution for achieving a particular 
combination specified by Lloyd, namely reversing the 14 and 15, 
which Lloyd called the 14-15 puzzle.  

The 14-15 puzzle attracted a worldwide attention that can only be 
compared with the Rubik's Cube that conquered the world 100 years 
later. Ernö Rubik was in fact inspired by the slide puzzle when he 
designed his famous cube which can be seen as a 3-dimensional 
version of a slide puzzle. 
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Lloyd offered a prize of $1000 (a princely sum in 1870) for the first 
correct solution. The puzzle swept quickly across America, then 
Europe, and in Lloyd’s own words eventually “drove the world 
crazy.” 
 
The hype around the 15 puzzle was so significant starting in January 
1880 that the inventor of the puzzle, Noyes Chapman, applied for a 
patent on the puzzle in March 1880. Nearly a century later, the 
inventor of the Rubik’s Cube, Erno Rubik, claimed to have been 
inspired by the success of Lloyd’s 14-15 puzzle to 
make another sensational puzzle . 
 
Since Sam Lloyd’s capitalization on the popularity of the puzzle, 
many other variations of the puzzle have arisen. Many of them form 
an image when completed or spell out a message.  
Exactly half of all permutations of the 15 puzzle can be solved. Only 
those configurations that require an even number of transpositions 
between the empty space and numbered tiles may be created. 
 
In this project work we shall present the modern Algebra approach to 
unravel the 15-puzzle problem using permutations and group theory. 
Another way of thinking about the 15 puzzle is through graph theory. 
But in this project, we have analysed the problem using Abstract 
algebra approach only.  
 

 
2. Basics of permutation: 

Permutation 
 
Let S be a non-empty finite set. A bijective mapping f :SS is said 
to be a permutation on S. 
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Let S = {a1, a2, a3,…, an}. Then the number of bijections from S 
onto S is n! Let one such bijection be f that maps ai to f(ai). This 
permutation f is denoted by the symbol 

 
1 2

1 2

...
( ) ( ) ... ( )

n

n

a a a

f a f a f a

 
 
 

 

 
The identity mapping is iS is also a bijective mapping. iS is said to 
be the identity permutation on S and it is denoted by i. 

 

i=
1 2

1 2

...

...
n

n

a a a

a a a

 
 
 

 

 
Let S = {1, 2, 3, 4} and a permutation f on S be defined by f(1) = 2, 
f(2) = 4, f(3) = 1, f(4) = 3. Then f is expressed as  
 

1 2 3 4
2 4 1 3
 
 
 

, or as 
1 3 4 2
2 1 3 4
 
 
 

, or as 
2 3 1 4
4 1 2 3
 
 
 

, 

 
or in many other ways by interchanging the columns. But the 

standard form for f is 
1 2 3 4
2 4 1 3
 
 
 

, where the elements in the top 

row are in natural order. 

Now we will discuss about Cycle. 
 
Cycle 
 
Let S = {a1, a2, a3,…, an}. A permutation f : SS is said to be a 
cycle of length r, or an r-cycle if there are r elements 1 2

, ,...,
ri i ia a a , 

in S such that  1 2i if a a ,  2 3i if a a ,…,  1r ri if a a


 ,   1ri if a a  

and  j jf a a , 1 2, ,..., rj i i i .  
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The cycle is denoted by  1 2
, ,...,

ri i ia a a , or by  2 3 1
,..., ,

ri i i ia a a a , or 
in any other form provided the elements appear in a fixed cyclic 
order. 
 

The cycle  1 2
, ,...,

ri i ia a a  is also denoted by the symbol 

 2 3 1
...,i i ia a a . 

 

1 2
, ,...,

ri i ia a a  are said to be the elements of the cycle. Two cycles f 
and g on the same set S are said to be disjoint if they have no 
common elements. 
 
Multiplication of two disjoint cycles on the same set is 
commutative. 
 

As for example, Let S = {1, 2, 3, 4} and f = 
1 2 3 4
1 3 4 2
 
 
 

,  

g =
1 2 3 4
1 4 3 2
 
 
 

, h = 
1 2 3 4
3 2 1 4
 
 
 

 

 
Here f is a 3-cycle. f = (2, 3, 4). f can also be expressed as (3, 4, 2), 
or as (4, 2, 3). g is a 2-cycle. g = (2, 4). h is a 2-cycle. h = (1, 3). 
 
It can be shown that every permutation on a finite set is either a 
cycle or it can be expressed as a product of disjoint cycles. 
 
Now we will discuss about transposition. 
 
Transposition 
 
A 2-cycle is called a transposition. 
 
A 1-cycle is the identity and it can be expressed as the product of  
the transpositions (ar, as) and (ar, as). 
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A 3-cycle (a1, a2, a3) can be expressed as the product (a1, a3)(a1, a2) 
or as the product (a1, a2)(a2, a3). [2 transpositions] 
 
An r-cycle (a1, a2,…, ar) can be expressed as the product (a1, ar) 

(a1, ar-1)…(a₁.a3)(a1, a2)  [r-1 transpositions] 
 
Now we will use the transposition to define odd and even 
permutation. 
 
Even Permutation & Odd Permutation- 
 
A permutation is said to be even if it can be expressed as the product 
of an even number of transpositions, and odd if it can be expressed as 
the product of an odd number of transpositions. 
 
Since an r-cycle can be expressed as the product of r-1 transpositions, 
it is an odd or even permutation according as r is even or odd. 
 
The identity permutation i can be expressed as the product of two 
transpositions (ar, as).(ar, as). So, i is even. 
 
As for example, Let S = {1, 2, 3} 
Then there are six permutations on the set. They are 
 

1 2 3
1 2 3

i
 

 
 

,     
1 2 3

1,2,3 1,3 1,2
2 3 1
 

  
 

, 

    
1 2 3

1,3,2 1,2 1,3
3 1 2
 

  
 

 

 
1 2 3

2,3
1 3 2
 

 
 

,  
1 2 3

1,3
3 2 1
 

 
 

,  
1 2 3

1,2
2 1 3
 

 
 

. 

 
The even permutations are i, (1, 2, 3), (1, 3, 2). 
The odd permutations are (2, 3), (1, 3), (1, 2). 
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The product of two permutations of the same parity (i.e., either 
both of them are even or both of them are odd) is even; the 
product of two permutations of different parity is odd. 
 
The inverse of an odd permutation is odd and the inverse of an even 
permutation is even. 
 
 
We now describe an important theorem on Permutation. 
Theorem: If nS   then   may be written as the product of an 
even number of transpositions if and only if    cannot be written as 
the product of an odd number of transpositions. 
 

 

The left hand side is a product of s + t  transpositions. Since the 
identity on the right hand side is even, s and t must have the same 
parity. 

Now we define a Group. 

Groups- 
 
A non-empty set G is said to form a group with respect to a binary 
composition *, if 
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i. G is closed under the composition *, 
ii. * is associative, 

iii. there exists an element e in G such that e*a = a*e = a for all a in 
G, 

iv. for each element a in G, there exists an element a/ in G such that 
a/*a = a*a/ = e. 

The group is denoted by the symbol (G, *). 
 
The element e is said to be the identity element in the group. 
 
The element a/ is said to be the inverse of a. 
 
Symmetric Group Sn : 
 
Let S be the set of all permutations on the set {1, 2,…, n}. 
Let us examine if S forms a group with respect to ‘multiplication of 
permutations’. 
 

i. Let f, g be two permutations on the set {1, 2,…, n}. Then f.g is 
also a permutation on the set {1, 2,…, n}. 

Therefore , .f S g S f g S     
ii. A permutation on S is a bijective mapping from the set {1, 2,…, 

n} onto itself and multiplication of two permutations is the 
composition of two bijective mappings. Since composition of 
mappings is associative, multiplication of permutation is also 
associative. 

iii. The identity permutation i = 
1 2 ...
1 2 ...

n
S

n

 
 

 
 and it is the 

identity element because i.f = f.i = f for all in S. 

iv. Let f = 
1 2 ...
(1) (2) ... ( )

n
S

f f f n

 
 

 
. Then the permutation g = 

(1) (2) ... ( )
1 2 ...

f f f n
S

n

 
 

 
 and g is the inverse of f, since g.f = f.g 

= i. Therefore the inverse of each element exist in S. 
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This group is called is Symmetric group Sn. This group contains n! 
elements. 
 
Alternating Group An: 
 
The set of all even permutations on the set {1, 2,…, n} forms a group 
with respect to multiplication of permutations. 
 
The group is called the Alternating group of degree n and is denoted 

by An. An contains 
1 !
2

n
  
elements. 

 
 
3. 15 puzzle and permutation: 
 
The following grid position 
 

11 14 10 6 
9 4 12 5 

15 8 3 13 
2 1 7  

 
can be represented as 
 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
11 14 10 6 9 4 12 5 15 8 3 13 2 1 7
 
 
  . 

 

It may be noted that, when moving the tiles around the board, we 
were working in S16 since there are 16 total squares whose contents 
we were changing. However, because we only considered 
configurations where the blank was in 16, we never changed the 
contents of 16 in going from one configuration to another; since we 
effectively fixed 16, we were really working in S15.                    Page-9

 



 
Next grid position 
 

 
 
is basically the transposition (14, 15). Hence, if we 
can show that the group of permutations on the tiles of the Fifteen 
Puzzle is a subgroup of the Alternating group, then swapping those 
tiles as Lloyd described is impossible.  
 
Consider the set of permutations in which the blank tile is returned to 
its original position. In particular, look at paths that start and end with 
the blank tile in the bottom right corner. One such circuitous path is as 
follows: 
 

 
 
One can observe that in this circuit: 
 

i. For every up, there is a down 
ii. For every left, there is a right. 
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Thus, we must have an even number of transpositions. Thus the next 
proposition follows immediately. 
 
Proposition 1: The set of permutations on the tiles of the Fifteen 
Puzzle that return the blank tile to the bottom right corner is a 
subgroup of the Alternating group, A15. 
 
Hence, swapping tiles 14 and 15 while returning all other tiles to their 
original position is impossible! 
 
A natural question is whether every even permutation is obtainable as 
a permutation of the tiles of the Fifteen Puzzle. In other words, is the 
set of permutations on the tiles of the Fifteen Puzzle in which the 
blank tile is returned to the bottom right corner isomorphic to A15? In 
order to answer this question, we will need some more facts about the 
Alternating group. 
 
Theorem 1. Every permutation in An is a product of 3-cycles (n ≥ 3) 
 
Proof. We will first show that every permutation of An can be written 
as a product of 3-cycles. First, suppose that nA . We note that we 
can write every permutation as a product of 2-cycles (transpositions). 
Let   be written as a product of 2-cycles (x1, y1)(x2, y2),...(xk,yk). k 
must be an even number since it is expressing an even permutation _ 
as a product of odd cycles. Therefore, it is possible to group the 
transpositions into pairs and consider any potential pairs of 2-cycles. 
There are three possible cases that arise in each pair. 
 
Case 1: The two 2-cycles in the pair share the same elements- If 
thisis the case, then the pair of 2-cycles may be removed from the 
product since (a, b) * (a, b) = e. 
 
Case 2: The two 2-cycles in the pair share one element, but each 
2-cycle has a distinct element- In this instance, the pair of 2-cycle 
can bewritten as a 3-cycle like so: (a, b) * (b, c) = (a, c, b). 
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Case 3: The two 2-cycles in the pair do not share a common 
element-If the two 2-cycles are of the form  
(a, b) * (c, d) = (b, d, c)(a, c, b). 
 
Thus, every permutation nA can be written as a product of 3-
cycles. Now, let us turn our attention to proving that the set of 
consecutive 3-cycles of An can generate all others. 
 
Theorem 2. The set of consecutive 3-cycles of An can form all other 
3-cycles of An. 
 
Proof. We will prove that the set of consecutive 3-cycles of An 
generates all other 3-cycles of An by induction. Let us consider the 
base case A3. We begin with A3 because this is the smallest group of 
even permutations with a 3-cycle.Looking at the 3-cycle (1 2 3), we 
observe that we may obtain the other 3-cyclein A3: (1 2 3)2 = (1 3 2). 
We have obtained all 3-cycles in A3. 
 
Let us prove another base case, A4, for good measure. The 
consecutive 3-cyclesin A4 are (1 2 3) and (2 3 4). We may obtain all 
other 3-cycles in A4 via the following operations: 
 

 (1; 2; 3) = (1; 2; 3) 
 (1; 3; 2) = (1; 2; 3)2 
 (1; 2; 4) = (1; 2; 3)(2; 3; 4)2 
 (1; 4; 2) = (2; 3; 4)(1; 2; 3)2 
 (1; 4; 3) = (2; 3; 4)2(1; 2; 3) 
 (1; 3; 4) = (1; 2; 3)2(2; 3; 4) 
 (2; 3; 4) = (2; 3; 4) 
 (2; 4; 3) = (2; 3; 4)2 
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Let us now assume that the theorem holds true for some positive 
integer k where k3. Let us then consider the k + 1 case: We have the 
set of consecutive 3-cycles 
 
(1, 2, 3),(2, 3, 4),…,(k-3, k-2, k-1), (k-2, k-1, k), (k-1, k, k+1) 
 
Our mission is to show that we may create any 3-cycle with k+1 in it 
from this list. Note that our inductive hypothesis allows us to assume 
that the 3-cycles, excluding (k-2, k-1, k) generate all 3-cycles in Ak. 
Let us consider three cases to prove that any 3-cycle containing k+1 is 
obtainable. 
Case 1: Generate the 3-cycle with the form (a,k+1,k): 
 

(a, k, k-1) * (k-1, k, k + 1) = (a, k, k + 1) 
 

Where a < k-1. Note that our obtained 3-cycle may be squared to give 
us (a, k+1, k). 
 
Case 2: Generate the 3-cycle with the form (a, k+1, k-1): 

(a, k-1, k) * (k, k-1 k+1) = (a, k-1, k+1) 
 
Where a < k-1. note that our obtained 3-cycle may be squared to give 
us (a,k+1,k-1). 
 
Case 3: Generate the 3-cycle with the form (b,a,k+1): 
 
(b, a, k) * (a, k+1, k) = (a, k+1, b) 
 
Where a, b < k-1. We borrowed our 3-cycle (a; k+1; k) from the result 
of case 

1. Also observe that our obtained 3-cycle may be squared to give 
us (a, b, k+1).                                                                     Page-13 



 
We have now proved that for any An where n3, the set of 
consecutive 3-cycles generates every 3-cycle of  An . 
 
The results above indicate that the set of permutations obtained by 
moving the blank space between rows in the puzzle yield all possible 
permutations of A15.Thus, all even permutations of the 15 puzzle are 
possible to obtain. However, none of the odd permutations may be 
obtained. 
 
Lemma1-The set of permutations of the Fifteen Puzzle contains the 
3-cycle = (11, 12, 15). 
 
Proof. In its natural state, tiles in the bottom right corner are: 
 

11 12 
15  

 
Shift tile 15 to the right. This gives the following configuration: 
 

11 12 
 15 

 
Shift tile 11 down. This gives the following configuration: 
 

 12 
11 15 

Shift tile 12 left. This gives the following configuration: 
 

12  
11 15 
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Shift tile 15 up. This gives the following configuration: 
 

12 15 
11  

 
Hence, we have obtained the permutation (11, 12, 15). 
 
For the remaining 3-cycles, we will construct a “long cycle” that 
leaves two elements (say 11 and 12) and passes through the remaining 
elements. Such a cycle would look like: 
 

 
Our next lemma explicitly describes how to achieve this “long cycle.” 
 
Lemma 2- The cycle  = (1, 2, 6, 7, 3, 4, 8, 15, 10, 14, 13, 9, 5) is a 
permutation of the tiles of the Fifteen Puzzle. 
 
Proof. Begin by moving 12 down, 11 right, 15 up, 12 left, and 11 
down. The bottom right corner now has the following configuration: 
 

15  
12 11 
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Note that at this point, all other tiles are still in their original positions. 
We now perform the “long cycle” described above as follows: move 
15 right, 10 right, 14 up, 13 right, 9 down, 5 down, 1 down, 2 left, 6 
up, 7 left, 3 down,4 left, 8 up, and 15 up. Currently, the tiles are in the 
following configuration: 
 

2 6 4 8 
1 7 3 15 
5 14 10  
9 13 12 11 

 
 
Finally, we move 11 up, 12 right, 10 down, 11 left, and 12 up. This 
results in the following configuration: 
 
 
 

 

 

This is the permutation (1, 2, 6, 7, 3, 4, 8, 15, 10, 14, 13, 9, 5). 

 

Notice that if we apply  once, then tile 10 is in slot 15. If we apply 
 enough times, we can move any of the tiles in the set [15]−{11, 12} 
into the slot 15. For instance, if we wished to have tile 3 in slot 15, 
then we would apply  ten times. This action is typically represented 
by 10 . 
 
Our goal is to show that every permutation in A15 is a permutation on 
the tiles of the Fifteen Puzzle. To do this, we let 11 and 12 fulfil the 
roles of a and b, respectively, in Proposition.                             Page-16 

2 6 4 8 
1 7 3 15 
5 14 11 12 
9 13 10  



Thus, for k∈ [15] − {11, 12}, we need only show that the permutation 
(11, 12, k) is a permutation of the tiles of the Fifteen Puzzle. 
 
To do this, we take advantage of the concept of conjugacy. Recall that 
elements a and b are conjugate elements in the group G if there is an 
element g ∈ G such that g−1ag = b. Our strategy will be to show that 
any 3-cycle of the form (11, 12, k) is conjugate with the 3-cycle (11, 
12, 15) (recall that we showed (11, 12, 15) is possible in Lemma 1). 
To do this, we will use m (where  is defined in Lemma-2) to position 
our target tile k in slot 15. We then apply the permutation (11, 12, 15) 
to rotate tiles 11, 12, and the target. Finally, we apply the permutation 

m   to return all tiles except 11, 12, and k to their original positions. 
 
For example, to obtain the permutation (11, 12, 8) = (8, 11, 12), we 
will apply  , then   , and finally 1  . This can be represented 
symbolically as 

1   = 
 
(1, 2, 6, 7, 3, 4, 8, 15, 10, 14, 13, 9, 5)−1(11, 12, 15)(1, 2, 6, 7, 3, 4, 8, 
15, 10, 14, 13, 9, 5) = (1, 5, 9, 13, 14, 10, 15, 8, 4, 3, 7, 6, 2)(11, 12, 
15)(1, 2, 6, 7, 3, 4, 8, 15, 10, 14, 13, 9, 5) 

= (8, 11, 12). 
 

Theorem 3. The set of permutations on the tiles of the Fifteen Puzzle 
is isomorphic to A15, the Alternating group on 15 symbols. 
 
Proof. By Lemma1 and Lemma 2, the permutations   = (11, 12, 15) 
and   = (1, 2, 6, 7, 3, 4, 8, 15, 10, 14, 13, 9, 5) are permutations of the 
tiles of the Fifteen Puzzle. Suppose that m is the smallest positive 
integer such that m  maps tile k to slot 15. We first apply m in order  
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to position tile k in slot 15. We then apply  to rotate tiles 11, 12, and 
15. We then apply m 

 to return all tiles (except 11, 12, and k to their 
original positions). This results in the permutation (11, 12, k). Since k 
is arbitrary, we can generate A15. 
 
4. Generalizations of the Fifteen Puzzle 
 
The theory relating to 4 × 4 grid problem can be generalised to apply 
it  in a n by m rectangular grid. Again,there is one empty slot and the 
tiles can move horizontally or vertically. Let Pn,m  denote the group of 
permutations on the tiles of this puzzle. In a similar way we can prove 
that the puzzle group Pn,m is isomorphic to the isomorphic to the 
Alternating group, Anm-1. 
 
5. Concluding Remarks 
 
From permutation theory we know that initial configuration (where 
the numbers 1 to 15 are arranged and 16th place is empty) for 15 
puzzle problem is an even permutation. Any valid movement on the 
tiles of 15 puzzle that return the blank tile to the bottom right corner is 
an even permutation. So from the initial configuration we can reach to 
those configurations which are even permutations and vice versa. But 
from the initial configuration we can never reach to a configuration 
that represents an odd permutation. Converse is also true i.e. from a 
configuration that represents an odd permutation (such as mentioned 
in Sam Loyd’s problem that represents single transposition (14,15) ) 
we never reach to the initial configuration which is basically an even 
permutation. 
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1. ETYMOLOGY 

The term ‘FRACTAL’ was coined by the mathematician Benoit Mandelbrot 
 in1975. Mandelbrot based it on the latine FRACTUS, meaning ‘broken’ or 
‘fractured’ and used it to extend the concept of theoretical  fractional 
dimensions to geometric patterns in nature. 
 

 2. FRACTALS 

Fractal is nothing but a curve of the geometrical figure and each part of which has the 
same statistical character as the whole. 

 3.INTRODUCTION 

Fractals are objects that are self similar at different scales. 

Think of a tree- it has a trunk that has branches and those branches self have branches 
coming off of them and those have sub-branches and so on. So that is a fractal. 
Fractals turn out to be a good way to describe many objects in nature. 

In this unit we will explore fractals, both visually and mathematically. 

It is striking how many natural objects there are with this kind of property. Let’s look 
at a simple example, 

Trees- Trees are fractal and let be explain the notion of self similarity. 

Let’s take a picture of a tree. Now we will take part of that picture and crop it out and 
blow it up. We can see that the structure of this blown up part of this picture is very 
similar to the structure of the whole picture itself. Let’s do it again. Let’s take a part 
of this picture within the red box and let’s blow it up. Again, the structure that you 
see inside the blown up part of this picture looks very similar to the previous two 
pictures and notice that this third picture is a very tiny part of this original picture. 
Now we can do the same thing again. Take a part of the third picture , blow it up 
again we have structures that look very tree-like. So, no matter how far down you go 
up to a certain point in these picture you can keep taking little crops, blowing them 
up and seeing that they have very similar kinds of structure. That’s the crux of the 
notion of self-similarity at different scales. 
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     Source: Internet 

    Picture: Fractal In Trees 
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The actual definition of fractal means that the object is perfectly self similar at all 
possible scales. 

So the objects that we are going to talk about in nature are only fractal-like. They are 
not real fractals from the mathematical sense, but I am going to use the term ‘fractal’ 
to describe them anyway. So here is a picture of a special kind of broccoli that has 
fractal properties.We can see that each of these little broccoli mounds consist of other 
little mounds that themselves have the same structure and so on. 

Leaf veins are fractal in the same way that trees are fractal. 

 

  

 Broccoli Mounds 

Broccoli 

 

 

 

 

 

 

 

  Source: Internet 

Leaf 
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  4.HISTORY 

 

The history of fractals traces a path from chiefly theoretical studies to 
modern applications in computer graphics, with several notable  
people contributing canonical fractal forms along the way. A 
common theme in traditional African architecture is the use of fractal 
scaling, whereby small parts of the structure tend to look similar to 
larger parts, such as a circular village made of circular houses. 
According to Pickover, the mathematics behind fractals began to take 
shape in the 17th century when the mathematician and philosopher 
Gottfried Leibniz pondered recursive self-similarity (although he 
made the mistake of thinking that only the straight line was self-similar 
in this sense). 
In his writings, Leibniz used the term "fractional exponents", but 
lamented that "Geometry" did not yet know of them. Indeed, 
according to various historical accounts, after that point few 
mathematicians tackled the issues and the work of those who did 
remained obscured largely because of resistance to such unfamiliar 
emerging concepts, which were sometimes referred to as 
mathematical "monsters". Thus, it was not until two 
centuries had passed that on July 18, 1872 Karl Weierstrass 
presented the first definition of a function with a graph that would 
today be considered a fractal, having the non-intuitive property of 
being everywhere continuous but nowhere differentiable at the 
Royal Prussian Academy of Sciences. 
In addition, the quotient difference becomes arbitrarily large as the summation index 
increases. Not long 
after that, in 1883, Georg Cantor, who attended lectures by Weierstrass, published 
examples of subsets 
of the real line known as Cantor sets, which had unusual properties and are now 
recognized as 
fractals. Also in the last part of that century, Felix Klein and Henri Poincaré 
introduced a category 
of fractal that has come to be called "self-inverse" fractals. 
One of the next milestones came in 1904, when Helge von Koch, 
extending ideas of Poincaré and dissatisfied with Weierstrass's abstract 
and analytic definition, gave a more geometric definition including 
hand-drawn images of a similar function, which is now called the 
Koch snowflake. Another milestone came a decade later in 
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1915, when Wacław Sierpiński constructed his famous triangle then, 
one year later, his carpet. By 1918, two French mathematicians, Pierre 
Fatou and Gaston Julia, though working independently, arrived 
essentially simultaneously at results describing what is now seen as 
fractal behaviour associated with mapping complex numbers and 
iterative functions and leading to further ideas about attractors and 
repellors (i.e., points that attract or repel other points), which have 
become very important in the study of fractals. 
Very shortly after that work was submitted, by March 1918, Felix Hausdorff 
expanded the definition of "dimension", significantly for the evolution of the 
definition of fractals, to allow for sets to have non-integer 
dimensions. The idea of self-similar curves was taken further by Paul Lévy. 
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5.FRACTAL  DIMENSION 

 
An important part of understanding fractals is the notion of fractal dimension. We all 
learn back in grade school math that lines are one dimensional, squares and circles 
are two dimensional and cubes and spheres are three dimensional. 
These perfect geometric objects are often what mathematicians and scientists use to 
model the attributes of the natural world. 
However, as Benoit Mandelbrot famously said, 

“Clouds are not spheres, 
mountains are not cones, 
coastlines are not circles, 
and bark is not smooth, nor 
does lightning travel in a 

straight line.” 
       Benoit Mandelbrot, 1973 
Benoit Mandelbrot proposed that fractals are much better model of the natural world 
than our more conventional geometric notions and he sought to develop a new, 
fractal geometry to describe nature. To develop this new geometry, we need to 
examine our concept of dimensionality. 
 
Dimension:1  
Each level is made up of two 

2
1

 sized copies. 

     
 
Dimension:2  
Each level is made up of four 1

4
sized copies. 

 
  
  
 
 

Similarly for dimension 3 each level is made up of eight  
1

8
  sized copies and for 

dimension 4 each level is made up of sixteen  
1

16
  sized copies. 

 
In those previous pictures we created this pattern by bisecting each side but if we 
trisect each side, 
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Dimension:1 
Each level is made up of three 1

3
 sized copies. 

    --------- 
 
 M-Secting 
 
Dimension:1  
Each level is made up of  M

1

𝑀
 sized copies. 

 
Dimension:2  
Each level is made up of 𝑀2 1

𝑀
 sized copies. 

 
Dimension:3 
Each level is made up of 𝑀3 1

𝑀
 sized copies. 

 
Let’s create a geometric structure from a given D-dimensional object (e.g. line, 
square, cube etc.) repeatedly dividing the length of its side by a number M. 
Then each level is made up of 𝑀𝐷copies of previous level. 
Call the number of copies N. 
Then N=𝑀𝐷 
Taking log of both sides, 
log N = log 𝑀𝐷 
 log N = D log M 

 D = 𝐥𝐨𝐠 𝑵

𝐥𝐨𝐠 𝑴
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6.IT’S DIMENSION FOR SOME SHAPEs 

 

 

Koch Curve: 

 
 
According to the definition the dimension of Koch Curve is, 
D =  𝐥𝐨𝐠 𝟒

𝒍𝒐𝒈𝟑
 = 1.26, N = 4 and M = 3  

 
Sierpinski’s Triangle: 

 

    
According to the definition the dimension of Sierpinski’s Triangle is, 
D =  𝒍𝒐𝒈𝟑

𝒍𝒐𝒈𝟐
= 1.53, N = 3 and M = 2                                                     Page-8 



 
Sierpinski’s Carpet: 

 

 
 
According to the definition the dimension of Sierpinski’s Carpet is, 
D = 𝒍𝒐𝒈𝟖

𝒍𝒐𝒈𝟑
 = 1.89, N = 8 and M = 3 
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7.CHARACTERISTICS OF FRACTAL 

 

 
A fractal often has the following features:- 

 Fractal is too irregular to be easily described in traditional euclidean geometric 
language.  

 Exact self similarity-Fractal is identical at all scales such as the Koch 
snowflake. 

 Quasi self similarity- Fractal approximates the same pattern at different 
scales. It may contain small copies of the entire fractal in distorted and 
degenerated  forms ; e.g. the Mandelbrot Set's satellites are approximations of 
the entire set but note exact copies.  

 Statistical self similarity- Fractal repeats a pattern Stochastically so 
numerical or statistical measures preserved across scales; e.g., randomly 
generated fractals like the well-known example of the Coastline of Britain for 
which one would not expect to find a segment scaled and repeated as neatly as 
the repeated unit that defines fractals like the Koch snowflake. 

   

                                    2×120 degrees recursive IFS 

 It has a Hausdroff dimension which is Greater than its topological  

Dimension( although this requirement is not met by space filling 

Curves such as the Hilbert Curve ). 

 It has a simple and recursive definition.  
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8. COMMON TECHNIQUES FOR GENERATING 

FRACTALS 
 

Images of fractals can be created by fractal generating programs. 
Because of the butterfly effect, a small change in a single variable can have an 
unpredictable outcome. 
 Iterated function systems (IFS) –Fixdgeometric 

replacement rules; may be stochastic or deterministic e.g., Koch  
snowflake, Cantor set, Haferman carpet, Sierpinski carpet, Sierpinski gasket, 
Peano curve, Harter-Heighway dragon curve, T-square, Menger sponge. 

 Strange attractors– Use iterations of a map or solutions of 
a system of initial-value differential or difference equations 
that exhibit chaos (e.g., multifractal image, or the logistic map) 

 
                             Self-similar branching pattern modeled in  

                                           silico using L-systems principles 

 
 L-systems– Use string rewriting; may resemble branching 
patterns, such as in plants, biological cells (e.g., neuronsand immune 
system cells, blood vessels, pulmonary structure, etc. or turtle graphics 
patterns such as space-filling curves and tilings 
 Escape-time fractals– Use a formula or recurrence relation at each point in 

a space (such asthe complex plane); usually quasi-self-similar; also known as 
"orbit" fractals; e.g., the Mandelbrot set, Julia set, Burning Ship fractal, Nova 
fractal and Lyapunov fractal. The 2D vector fields that are generated by one or 
two iterations of escape-time formulae also give rise to a fractal form when 
points (or pixel data) are passed through this field repeatedly. 

 Random fractals– Use stochastic rules; e.g., Lévy flight, percolation 
clusters, self avoiding walks, fractal landscapes, trajectories of Brownian 
motion and the Brownian tree (i.e., dendritic fractals generated by modelling  
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 diffusion-limited aggregation or reaction-limit daggregation clusters). 
 Finite subdivision rules– Use a recursive topological algorithm for 

refining tilingsand they are similar to the process of cell division. The iterative 
processes used in creating the Cantor set and the Sierpinski carpet are 
examples of finite subdivision rules, as is barycentric subdivision. 
 

 
                               A fractal generated by a finite subdivision  

                                           rule for an alternating rule 
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9.FRACTAL SIMULATION 
 
 

 This simulation supports both pinch zoom and mouse scrolling. We 
recommend using the Chrome browser. (to get more processing speed) 
Imaginary number An imaginary number consists of a number that 
becomes negative. 

 

 Koch curve Koch curve is a kind of fractal curve. It appeared in a 1904 
paper titled ‘On a Continuous Curve Without Tangents, Constructible from 
Elementary Geometry’ by the Swedish mathematician Helge. 

 

 

 The Pythagoras tree is a plane fractal constructed from squares. Invented by 
the Dutch mathematics teacher Albert E. Bosman in 1942. It is named after 
the ancient Greek mathematician Pythagoras. Fractal’s self-similarity… 
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 The C curve is a kind of fractal geometry. Bend each side 90 degrees. Bend 
this side again 90 degrees. Repeating this operation infinitely can get a C 
curve. Fractal’s self-similarity Fractal. 

 

 Pascal’s triangle is a triangular array of the binomial coefficients. Each 
number is the sum of the two numbers directly above it. Pascal’s triangle 
has many properties and contains many patterns of. 

 

 

 Sierpinski triangle is a fractal and attractive fixed set with the overall shape 
of an equilateral triangle. In this simulation, Create a Sierpinski triangle by 
endlessly drawing circles. 

 

 

Sierpiński curves are a recursively defined sequence of continuous closed 
plane fractal curves discovered by Wacław Sierpiński. Fractal’s self-
similarity Fractal curves retain their original shape even if they are greatly 
enlarged most.  
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 A dragon curve is a piece of paper folded several times in the same direction as 
the picture and then bent vertically. This curve does not intersect even though it 
may touch. 

 

 A Hilbert curve is a continuous fractal space-filling curve first described by 
the German mathematician David Hilbert in 1891. Fractal’s self-similarity 
Fractal curves retain their original shape even if they are greatly. 
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10. FRACTAL IN NATURE AND IT’S APPLICATION 
 

Fractals are not just complex shapes and pretty pictures generated by computers. 
Anything that appears random and irregular can be a fractal. Fractals permeate our 
lives, appearing in places as tiny as the membrane of a cell and as majestic as the 
solar system. Fractals are the unique, irregular patterns left behind by the 
unpredictable movements of the chaotic world at work. 

In theory, one can argue that everything existent on this world is a fractal: 

 the branching of tracheal tubes, 
 the leaves in trees, 
 the veins in a hand, 
 water swirling and twisting out of a tap, 
 a puffy cumulus cloud, 
 tiny oxygen molecule, or the DNA molecule, 
 the stock market 

All of these are fractals. From people of ancient civilizations to the makers of Star 
Trek II: The Wrath of Khan, scientists, mathematicians and artists alike have been 
captivated by fractals and have utilized them in their work. 

Fractals have always been associated with the term chaos. One author elegantly 
describes fractals as "the patterns of chaos." Fractals depict chaotic behaviour, yet if 
one looks closely enough, it is always possible to spot glimpses of self-similarity 
within a fractal. 

To many chaologists, the study of chaos and fractals is more than just a new field in 
science that unifies mathematics, theoretical physics, art, and computer science - it is 
a revolution. It is the discovery of a new geometry, one that describes the boundless 
universe we live in; one that is in constant motion, not as static images in textbooks. 
Today, many scientists are trying to find applications for fractal geometry, from 
predicting stock market prices to making new discoveries in theoretical physics. 

Fractals have more and more applications in science. The main reason is that they 
very often describe the real world better than traditional mathematics and physics. 

Astronomy 

Fractals will maybe revolutionize the way that the universe is seen.  
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Cosmologists usually assume that matter is spread uniformly across space. But 
observation shows that this is not true. Astronomers agree with that assumption on 
"small" scales, but most of them think that the universe is smooth at very large scales. 
However, a dissident group of scientists claims that the structure of the universe is 
fractal at all scales. If this new theory is proved to be correct, even the big bang 
models should be adapted. Some years ago we proposed a new approach for the 
analysis of galaxy and cluster correlations based on the concepts and methods of 
modern Statistical Physics. This led to the surprising result that galaxy correlations 
are fractal and not homogeneous up to the limits of the available catalogues. In the 
meantime many more redshifts have been measured and we have extended our 
methods also to the analysis of number counts and angular catalogues. The result is 
that galaxy structures are highly irregular and self-similar. The usual statistical 
methods, based on the assumption of homogeneity, are therefore inconsistent for all 
the length scales probed until now. A new, more general, conceptual framework is 
necessary to identify the real physical properties of these structures. But at present, 
cosmologists need more data about the matter distribution in the universe to prove (or 
not) that we are living in a fractal universe. 

Nature 

Take a tree, for example. Pick a particular branch and study it closely. Choose 
a bundle of leaves on that branch. To chaologists, all three of the objects 
described - the tree, the branch, and the leaves - are identical. To many, the 
word chaos suggests randomness, unpredictability and perhaps even 
messiness. Chaos is actually very organized and follows certain patterns. The 
problem arises in finding these elusive and intricate patterns. One purpose of 
studying chaos through fractals is to predict patterns in dynamical systems that 
on the surface seem unpredictable. A system is a set of things,- an area of 
study -A set of equations is a system, as well as more tangible things such as 
cloud formations, the changing weather, the movement of water currents, or 
animal migration patterns. Weather is a favourite example for many people. 
Forecasts are never totally accurate, and long-term forecasts, even for one 
week, can be totally wrong. This is due to minor disturbances in airflow, solar 
heating, etc. Each disturbance may be minor, but the change it create will 
increase geometrically with time. Soon, the weather will be far different than 
what was expected. With fractal geometry we can visually model much of 
what we witness in nature, the most recognized being coastlines and 
mountains. Fractals are used to model soil erosion and to analyse seismic 
patterns as well.                                                               
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Seeing that so many facets of mother nature exhibit fractal properties, maybe 
the whole world around us is a fractal after all!  

Computer science  

Actually, the most useful use of fractals in computer science is the fractal 
image compression. This kind of compression uses the fact that the real world 
is well described by fractal geometry. By this way, images are compressed 
much more than by usual ways (eg: JPEG or GIF file formats). Another 
advantage of fractal compression is that when the picture is enlarged, there is 
no pixelisation. The picture seems very often better when its size is increased. 

          Fluid mechanics 

The study of turbulence in flows is very adapted to fractals. Turbulent flows 
are chaotic and very difficult to model correctly. A fractal representation of 
them helps engineers and physicists to better understand complex flows. 
Flames can also be simulated. Porous media have a very complex geometry 
and are well represented by fractal.This is actually used in petroleum science. 

         Telecommunications 

A new application is fractal-shaped antennae that reduce greatly the size and 
the weight of the antennas . Fractenna is the company which sells these 
antennae. The benefits depend on the fractal applied, frequency of interest, and 
so on. In general the fractal parts produces 'fractal loading' and makes the 
antenna smaller for a given frequency of use. Practical shrinkage of 2-4 times 
are realizable for acceptable performance. Surprisingly high performance is 
attained. 

 
         Surface physics 

Fractals are used to describe the roughness of surfaces. A roug surface is 
characterized by a combination of two different fractals. 

         Medicine 

Biosensor interactions can be studied by using fractals. 
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                                       Slime mold Brefeldia maxima growing fractally 
                                                           on wood 

 

                                          Fractal defrosting patterns, polar Mars. 
                                         The patterns are formed by sublimation 
                                                        of frozen CO2.  

 

                                    High-voltage breakdown within a4 in (100 mm) block 
                                      of acrylic glass creates a fractal Lichtenberg figure 
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  A fractal is formed when pulling apart two gluecovered 
             acrylic sheets                                                                                                              

 

Fractal basin boundary in a geometrical optical Syste 
 

                m  

               Frost crystals occurring naturally on cold glass form 
                                   fractal patterns 

 

Fractals in cell biology 

Fractals often appear in the realm of living organisms where they arise through 
branching processes and other complex pattern formation. Ian Wong and co-
workers have shown that migrating cells can form  
                                                                                                          Page-20 



 
fractals by clustering and branching. Nerve cells function through processes at the 
cell surface, with phenomena that are enhanced by largely increasing the surface 
to volume ratio. As a consequence nerve cells often are found to form into fractal 
patterns. These processes are crucial in cell physiology and different 
pathologies.Multiple subcellular structures also are found to assemble into 
fractals. Diego Krapf has shown the branching processes the actin filaments in 
human cells assemble into fractals patterns. Similarly Matthias Weiss showed that 
the endoplasmic reticulum displays fractal features. The current understanding is 
that fractals are ubiquitous in cell biology, from proteins, to organelles, to whole 
cells. 
 
 
 
     11. Physiological Responses 

 
Humans appear to be especially well-adapted to processing fractal patterns with D 
values between 1.3 and 1.5. When humans view fractal patterns with D values 
between 1.3 and 1.5, this tends to reduce physiological stress. 
 
 

          12. FRACTAL ART 
 

Fractal art is a form of algorithmic art created by calculating fractal objects and 
representing the calculation results as still digital images, animations, and media. 
Fractal art developed from the mid-1980s onwards.It is a genre of computer 
art and digital art which are part of new media art. The mathematical beauty of 
fractals lies at the intersection of generative art and computer art. They combine to 
produce a type of abstract art. 

Fractal art (especially in the western world) is rarely drawn or painted by hand. It is 
usually created indirectly with the assistance of fractal-generating software, iterating 
through three phases: setting parameters of appropriate fractal software; executing 
the possibly lengthy calculation; and evaluating the product. In some cases, 
other graphics programs are used to further modify the images produced. This is 
called post-processing. Non-fractal imagery may also be integrated into the 
artwork. The Julia set and Mandelbrot sets can be considered as icons of fractal art. 

It was assumed that fractal art could not have developed without computers because 
of the calculative capabilities they provide. Fractals are generated by 
applying iterative methods to solving non-linear equations or polynomial equations.  
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Fractals are any of various extremely irregular curves or shapes for which any 
suitably chosen part is similar in shape to a given larger or smaller part when 
magnified or reduced to the same size. 

 

 

 

 

 

13.APPLICATIONS  IN TECHNOLOGY 

 

 Detecting 'life as we don't know it' by fractal analysis 
 Enzymes (Michaelis-Menten kinetics) 
 Generation of new music 
 Signal and image compression 
 Creation of digital photographic enlargements  
 Fractal in soil mechanics 
 Computer and video game design  
 Computer Graphics 
 Organic environments 
 Procedural generation  
 Fractography and fracture mechanics 
 Small angle scattering theory of fractally rough systems  
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 Generation of patterns for camouflage, such as MARPAT  
 Digital sundial 
 Technical analysis of price series  
 Fractals in networks 
 Medicine 
 Neuroscience 
 Diagnostic Imaging 
 Pathology 
 Geology 
 Geography 
 Archaeology 
 Soil mechanics 
 Seismology  
 Search and rescue 
 Technical analysis 
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THE GOLDEN RATIO  
WHAT IS THE GOLDEN RATIO?    

“The golden ratio is a special number found by 

dividing a line into two parts so that the whole 

length divided by the long part is also equal to the 

long part divided by the short part.” 

  

It has many other names, Phi, Golden mean, 

Golden section, Divine portion, and the Divine 

section.  

In mathematics it is most often referred to as the 

Greek letter Phi or represented by its symbol “Φ”  



 7  

It is an irrational number with an infinite number of 

digits after the decimal point, but is most often it is 

recognized by just 1.61803398…   

In an equation form, it looks like:  

a/b = (a+b)/a = 1.6180339887498948420 

The Golden Ratio is often visually represented as 

the Golden Rectangle   

  

It is thought to be the most appealing to the eye 

rectangle.   

In western philosophy the Golden mean is also 

thought as “dividing line”, or the “middle way“. It is 

the separation, or the middle between two 

extremes, one of excess and the other of 

deficiency.  
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LITERATURE REVIEW:  

The golden has always existed and it is actually 

unknown when it was first discovered, but we know 

that it may have been used in Egyptian and Greek 

architecture. Also, it is believed to have been 

applied to the design of the Parthenon. The golden 

ratio has held people’s attention for over 2,000 

years (Mario Livio).  

“Some of the greatest mathematical minds of all 

ages, from Pythagoras and Euclid in ancient 

Greece, through the medieval Italian 

mathematician Leonardo of Pisa and the 

Renaissance astronomer Johannes Kepler, to 

present-day scientific figures such as Oxford 

physicist Roger Penrose,  

have spent endless hours over this simple ratio and 

its properties. But the fascination with the Golden  

Ratio is not confined just to mathematicians. 

Biologists, artists, musicians, historians, architects, 

psychologists, and even mystics have pondered 

and debated the basis of its ubiquity and appeal. In 

fact, it is probably fair to say that the Golden Ratio 

has inspired thinkers of all disciplines like no other 

https://en.wikipedia.org/wiki/Pythagoras
https://en.wikipedia.org/wiki/Pythagoras
https://en.wikipedia.org/wiki/Pythagoras
https://en.wikipedia.org/wiki/Pythagoras
https://en.wikipedia.org/wiki/Euclid
https://en.wikipedia.org/wiki/Euclid
https://en.wikipedia.org/wiki/Euclid
https://en.wikipedia.org/wiki/Euclid
https://en.wikipedia.org/wiki/Ancient_Greece
https://en.wikipedia.org/wiki/Ancient_Greece
https://en.wikipedia.org/wiki/Ancient_Greece
https://en.wikipedia.org/wiki/Ancient_Greece
https://en.wikipedia.org/wiki/Fibonacci
https://en.wikipedia.org/wiki/Fibonacci
https://en.wikipedia.org/wiki/Fibonacci
https://en.wikipedia.org/wiki/Johannes_Kepler
https://en.wikipedia.org/wiki/Johannes_Kepler
https://en.wikipedia.org/wiki/Roger_Penrose
https://en.wikipedia.org/wiki/Roger_Penrose
https://en.wikipedia.org/wiki/Roger_Penrose
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number in the history of mathematics” - Mario 

Livio  

Many mathematicians, artist, and philosophers 

have used the golden ratio throughout history. One 

of the earliest records of it use was from Phidias. 

Phidias was a mathematician and the greatest 

sculptor of his time. He studied and applied the 

golden ratio to the design of the sculptures for the 

Parthenon. The golden ratio was also named Phi 

after Phidias (500 BC- 432 BC).    
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Another important historical figure that mentioned 

his use of the golden ratio in his studies was Plato 

(428 BC- 347 BC). In “Timaeus” Plato describes five 

possible regular solids that relate to the golden 

ratio. He also considers the golden ratio to be the 

most binging of all mathematic relationships.   

Euclid (323 BC- 265 BC) was the first to give a 

recorded definition of the golden ratio as “a 

dividing line in the extreme and mean ratio” in his 

book named Elements. He was also the one to link 

the number to the construction of the pentagram.   

Fibonacci (1770- 1250) discovered a sequence now 

known as the Fibonacci sequence which happened 

to approach the ratio asymptotically. The Fibonacci 

sequence is a “series of numbers in which each 

number ( Fibonacci number ) is the sum of the two 

preceding numbers. The simplest is the series 1, 1, 

2, 3, 5, 8, etc.” (Fibonacci sequence)  

  

https://www.google.com/#q=what+is+the+fibonacci+sequence
https://www.google.com/#q=what+is+the+fibonacci+sequence
https://www.google.com/#q=what+is+the+fibonacci+sequence
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Most commonly the Golden Ratio is allied to 

Leonardo da Vinci for his use of it in his painting of 

The Last Supper. In this painting Leonardo da Vinci 

used the golden ratio to define the fundamental 

portions of the painting, rationalizing the body 

proportions as well as the wall proportions. In 1509, 

Luca Pacioli published a dissertation titled De 

Divina Proportione which had illustrations created 

by Leonardo da Vinci. It was probably da Vinci who 

first called it the “section aurea” which is Latin for 

Golden Section. Many renaissance artist used the 

golden mean in paintings and sculptures to achieve 

balance.   

    

The Vitruvian Man by Leonardo da Vinci  and a Golden Mean drawing. 
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                  The Last Supper by Leonardo da Vinci  

                  

The term Phi was not used until the 1900’s when 

Mark Barr an American mathematician used the 

Greek letter Φ, after the late mathematician and 

sculptor Phidias.                                        

More recently, the 1970’s, Phi was used to help 

discover a pattern now known as Penrose Tiles. A 

Penrose tiling is a non-periodic tiling generated by 

an aperiodic set of prototiles (Penrose Tiles).  

Today the Golden ratio is usually a concept that is 

applied in art, design and architecture.   

CALCULATION OF THE GOLDEN RATIO:  

One of the easiest ways to derive the Golden Ratio 

is by:  

https://www.google.com/#q=what+are+penrose+tiles
https://www.google.com/#q=what+are+penrose+tiles
https://www.google.com/#q=what+are+penrose+tiles
https://www.google.com/#q=what+are+penrose+tiles
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Dividing 1 by a number (for 

example the number 2): 

½=0.5  

Then adding 1: 0.5+1=1.5 

  

Giving you a new number, then you repeat dividing 

1 by the new number till you get to the Golden 

Ratio. 

Another way of deriving the Golden Ratio is by 

drawing it. 

To draw it you start by drawing a 1” square.  Then 

place a dot half way along one side  

and draw a line from the point to the opposite 

corner (the length will be√5/2) then turn the line so 

that it runs along the side of the square. 

 

You can also use the measurements to create a 

formula for Phi:  

                                          

The square root of 5 is ≈ 2.236068  

Therefore the Golden Ratio is .  
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Like Pi (𝜋=3.14159..), Phi is also an irrational number, 

but Phi is the solution to a quadratic equation.  

Deriving the value of the Golden Ratio 

from the Quadratic Equation: 

A=1,b=1,and c=-1  

  

Then again, the square root of five is ≈ 2.236068  

Therefore the Golden Ratio is   

The Golden Ratio is also a number that is equal to 

its own reciprocal plus one:  

  

Phi can also be derived using the Fibonacci 

sequence. The Fibonacci sequence begins with 0 

and 1, and each new number in the sequence is the 

sum of the two before it.   

Example of the sequence:  

 1 + 1 = 2 2 + 3 = 5  

 1 + 2 = 3 3 + 5 = 8    



 15  

 

 

The same pattern can be is created by using Pascal’s 

Triangle:   

 
 

The Golden Ratio’s relationship to the Fibonacci 

sequence can be found dividing each number𝑏𝑦 𝑡ℎ𝑒 

𝑜𝑛𝑒 𝑏𝑒𝑓𝑜𝑟𝑒 𝑖𝑡, 𝑙𝑖𝑘𝑒:
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GEOMETRY AND THE GOLDEN RATIO:  

The Golden Ratio is the classic shape of Phi. Phi 

appears alongside the perfect (unit) square:  

  

The Golden Rectangle has dimensions 1\times\ phi 

such that removing the unit square is left with the 

rectangle similar to the original rectangle the 

most fundamental property of the golden ratio is:  

1. 𝜙: 1 = 1: (𝜙 − 1)  

To see this, we reduce 1 to   

2. 𝜙2 − 𝜙 − 1 = 0  

With two solutions (1 ± √5)/2 one being positive 

or negative.   

The negative solution would actually be the 

conjugate of Phi 𝜙′.  
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The Golden Ratio in geometry it appears in basic 

construction of an equilateral triangle, square and 

pentagon placed inside of a circle, and in more 

complex three-dimensional solids.   

  

In triangles, quadrilaterals, and pyramids 

Odom's construction 

George Odom has given a remarkably simple 

construction for involving an equilateral 

triangle: if an equilateral triangle is inscribed in 

a circle and the line segment joining the 

midpoints of two sides is produced to intersect 

the circle in either of two points, then these 

three points are in golden proportion. This 

result is a straightforward consequence of the 

intersecting chords theorem and can be used 

to construct a regular pentagon, a 

construction that attracted the attention of 
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the noted Canadian geometer H. S. M. Coxeter 

who published it in Odom's name as a diagram 

in the American Mathematical Monthly 

accompanied by the single word "Behold!" 

GOLDEN TRIANGLE: 
The golden triangle can be characterized as an 

isosceles triangle ABC with the property that bisecting 

the angle C produces a new triangle CXB which is a 

similar triangle to the original. 

If angle ∠BCX=𝛼 then ∠XCA=𝛼 ∠XCA=𝛼 because of 

the bisection, and ∠CAB=𝛼 because of the similar 

triangles; ∠ABC=2𝛼 from the original isosceles 

symmetry, and ∠BXC=2𝛼 by similarity. The angles in a 

triangle add up to 180° , so 5𝛼=180°,giving 𝛼 = 36°,so 

the angles of the golden triangle are thus 36° − 72° −

72°.The angles of the remaining obtuse isosceles 

triangle AXC, called  the golden  gnomon, are 36° −

36° − 108°. 
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Golden triangles that are decomposed further into 

pairs of isosceles and obtuse golden triangles are 

known as Robinson triangles. 

Golden rectangle: 
The golden ratio proportions the adjacent side lengths 

of a golden rectangle in 1:𝜑 ratio. They are special in 

that stacking them produces golden rectangles as well. 

Pairs of opposing vertices in an icosahedron form a 

golden rectangle. Three golden rectangles inside an 

icosahedron intersect each other at 90° degree angles, 

and collectively contain 12 of its vertices. 

 
Golden rectangle: the diagonal of half of a square equals the radius of a circle whose 

radius contains the point that belongs to the corner of a golden rectangle added to the 

square. 

A golden rhombus is a rhombus whose diagonals are in 

proportion to the golden ratio. The rhombic 

triacontahedron is a Catalan solid with golden rhombi 

as faces that contain diagonals in 1: 𝜑ratio. The 
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dihedral angle between any two adjacent rhombi in a 

rhombic triacontahedron is 144° which is twice the 

isosceles angle of a golden triangle and four times its 

most acute angle. Golden rhombi whose diagonals are 

in ratio of 1: 𝜑2 are present in the rhombic 

enneacontahedron, a zonohedron with resemblance to 

the rhombic triacontahedron. These rhombi have 

angles 70.528° and 109.471° degrees, and make up 30 

of 90 rhombic faces in the polyhedron. 

Golden pyramid: 
A pyramid in which the apothem (slant height along 

the bisector of a face) is equal to 𝜑 times the semi-

base (half the base width) is sometimes called a golden 

pyramid. The isosceles triangle that is the face of such 

a pyramid can be constructed from the two halves of a 

diagonally split golden rectangle (of size semi-base by 

apothem), joining the medium-length edges to make 

the apothem. The height of this pyramid is √𝜑 times 

the semi-base (that is, the slope of the face is  √𝜑; the 

square of the height is equal to the area of a face, 

√𝜑 times the square of the semi-base. The medial 

right triangle of this "golden" pyramid (see diagram), 

with sides 1:√𝜑: 𝜑  is interesting in its own right, 
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demonstrating via the Pythagorean theorem the 

relationship √𝜑=√𝜑2 − 1 or 𝜑 = √1 + 𝜑. This Kepler 

triangle is the only right triangle proportion with edge 

lengths in geometric progression, just as the  3:4:5 

triangle is the only right triangle proportion with edge 

lengths in arithmetic progression. The angle with 

tangent √𝜑 corresponds to the angle that the side of 

the pyramid makes with respect to the ground, 51.827° 

(51° 49′ 38”) 

                         

PENTAGON: 
In a regular pentagon the ratio of a diagonal to 

a side is the golden ratio, while intersecting 

diagonals section each other in the golden 

ratio. The golden ratio properties of a regular 

pentagon can be confirmed by applying 

Ptolemy's theorem to the quadrilateral formed 

by removing one of its vertices. If the 
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quadrilateral's long edge and diagonals are b, 

and short edges are a, then Ptolemy's theorem 

gives 

 𝑏2 = 𝑎2 + 𝑎𝑏 which yields 

𝑏

𝑎
 = 

1+√5

2
 

                                                     

       The golden ratio in a regular pentagon can be computed using          

Ptolemy's theorem. 

PENTAGRAM: 
The golden ratio plays an important role in 

the geometry of pentagrams. Each 

intersection of edges sections other edges 

in the golden ratio. Also, the ratio of the 

length of the shorter segment to the 

segment bounded by the two intersecting 

edges (a side of the pentagon in the 
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pentagram's center) is 𝜑 , as the four-color 

illustration shows. 

 

The pentagram includes ten isosceles 

triangles: five acute and five obtuse 

isosceles triangles. In all of them, the ratio 

of the longer side to the shorter side is 

𝜑 The acute triangles are golden triangles. 

The obtuse isosceles triangles are golden 

gnomons. 

                                                  

 

  A pentagram coloured to distinguish its line segments of  different 

lengths. The four lengths are in golden ratio to one another. 
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APPLICATION OF GOLDEN RATIO:  

ART: 
(Invention, Painting, Sculpting, Architecture) 

The Golden Ratio can be used to achieve 

beauty, balance and harmony in art, 

architecture and design. It can be used as a tool 

in art and design to achieve balance in the 

composition.   

The best examples of use of the Golden Ratio 

in art are by renaissance artist Leonardo da 

Vinci, Michelangelo, and Raphael.  

Leonardo di ser Piero da Vinci was a man of 

many interest. Those interest being invention, 

painting, sculpting, architecture, science, 

music, mathematics, engineering, literature, 

anatomy, geology, astronomy, botany, writing, 

history, and cartography. Leonardo used the  

Golden section in many of his paintings, and 

drawings. During the Renaissance it was known 
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as The Divine Proportion. In his famous 

painting The Last Supper,The Monalisha all of 

the proportions are balanced because he used 

the Golden Portion.   

   

                                     The Last Supper 

               

                                                                           

                     The Monalisha 
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Michelangelo di Lodovico Buonarroti Simon, 

was a painter, architect, poet, and engineer 

from the Renaissance. He was considered the 

greatest living artist of his time. Most 

commonly Michelangelo is remembered by his 

painting The Creation of Adam that is on the 

selling of the Sistine Chapel. It is in this painting 

that one can see how Michelangelo used the 

Golden ratio.  

God’s finger and Adam’s finger meet at the 

Golden ratio point of the area that contains 

them.   

            
  

Raffaello Sanzio da Urbino, was also a painter 

and architect from the Renaissance. In his 

painting The School of Athens the division 
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between the figures in the painting and their 

proportions are distributed using the Golden 

ratio.   

 

The best example of the golden ratio being 

used today is in logos. The design of logos 

usually consist of creating an appealing, well 

balanced and memorable symbol. Google’s 

logo is one of the best examples of the use of 

the Golden ratio.   
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Throughout their logo we can see how they 

evenly distribute the letters and colors using 

the golden ratio. 

   NATURE: 
Johannes Kepler wrote that "the image of 

man and woman stems from the divine 

proportion. In my opinion, the propagation of 

plants and the progenitive acts of animals are 

in the same ratio" 

 

The psychologist Adolf Zeising noted that the 

golden ratio appeared in phyllotaxis and 

argued from these patterns in nature that the 

golden ratio was a universal law. Zeising wrote 

in 1854 of a universal orthogenetic law of 

"striving for beauty and completeness in the 

realms of both nature and art". 

 

However, some have argued that many 

apparent manifestations of the golden ratio in 
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nature, especially in regard to animal 

dimensions, are fictitious. 

                                                 
 

 

                                                     
 

 

MUSIC: 
Ernő Lendvai analyzes Béla Bartók's works as 

being based on two opposing systems, that of 

the golden ratio and the acoustic scale though 

other music scholars reject that analysis. 

French composer Erik Satie used the golden 

ratio in several of his pieces, including 

Sonneries de la Rose+Croix. The golden ratio is 

also apparent in the organization of the 
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sections in the music of Debussy's Reflets dans 

l'eau (Reflections in Water), from Images (1st 

series, 1905), in which "the sequence of keys is 

marked out by the intervals 34, 21, 13 and 8, 

and the main climax sits at the phi position". 

 

The musicologist Roy Howat has observed that 

the formal boundaries of Debussy's La Mer 

correspond exactly to the golden section. 

Trezise finds the intrinsic evidence 

"remarkable", but cautions that no written or 

reported evidence suggests that Debussy 

consciously sought such proportions. 

 

Though Heinz Bohlen proposed the non-

octave-repeating 833 cents scale based on 

combination tones, the tuning features 

relations based on the golden ratio. As a 

musical interval the ratio 1.618... is 833.090... 

cents 
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       PHYSICS: 
The quasi-one-dimensional Ising ferromagnet 

CoNb2O6 (cobalt niobate) has 8 predicted 

excitation states (with E8 symmetry), that 

when probed with neutron scattering, showed 

its lowest two were in golden ratio. 

Specifically, these quantum phase transitions 

during spin excitation, which occur at near 

absolute zero temperature, showed pairs of 

kinks in its ordered-phase to spin-flips in its 

paramagnetic phase; revealing, just below its 

critical field, a spin dynamics with sharp modes 

at low energies approaching the golden mean. 

 

Conclusion: 
Advanced mathematical concepts 

paradoxically lose some relations to the 

physical world from which they are derived. 

The intensely scrutinized complex numbers are 

drawn from the real numbers; yet do not 

conform to the experience of real numbers to 



 32  

the real world. Mathematics, like art stands 

alone as an object of free perception. Since art 

is not obliged to make reference to outside 

world, mathematics is also motivated by 

wonder and imagination. “The great questions 

of mathematics- the kind that draw people to 

math in the first place are called great not 

because they may lead to applications, but 

because they captivate the imagination. They 

inspire wonder and delight. One could say they 

are beautiful”.The closer the dimensions of the 

face fit to the Golden ratio, the more beautiful 

the person is perceived by others. The 

architects explored connection between 

geometrical design and artistic beauty when 

incorporating the Golden ratio into their 

construction. In modern times, buildings such 

as the United Nations Headquarters in New 

York City (having three Golden rectangles) and 

the CN Tower in Toronto have Golden ratios in 

their design. Golden ratio is not just lofty 

mathematical theory; it shows up all the time 
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in the real world. Likewise, graphic designer 

can use Fibonacci sequence as a general 

guideline and creative tool to make the design 

perfect. Designers can incorporate Golden 

ratio to crop photos or images into Golden 

rectangle or Golden spiral for the shot’s 

composition, logo design, layout etc. These 

days’ designers are privileged with modern 

technical apps to employ as the best tools to 

help them incorporate Golden ratio in their 

work, such as Atrise Golden section, Golden 

calipers, Golden ratio app, Golden ratio 

typography app, Phi calculator etc. People may 

argue that the Golden ratio probably does not 

have any mystical powers of beauty drawn 

from archetypal fabric of the transcendental 

world. But it is more likely that this ubiquitous 

pattern has some aesthetically appealing 

properties suggesting a sense of natural 

balance and visual harmony. 
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